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Abstract

This project explores the feasibility of using quantum reservoir computing (QRC) for
time series prediction by simulating small many-body quantum systems using Python
and QuTiP. Reservoir computing offers a way to process and store temporal data by
using a fixed recurrent network and training only a linear output layer. Extending this
concept to quantum systems allows us to take advantage of the high-dimensionality of
Hilbert space in a quantum system to generate complex feature representations of an
input. We implemented a ten-qubit transverse-field Ising model as a quantum reservoir
and tested its ability to predict the Mackey—Glass time series, a well-known chaotic
time series produced from a delayed differential equation. Techniques for constructing
a classical memory state was explored, including a new “split-permutation” technique
that separates single-site and co-occurrence observables in the classical memory. The
model achieved strong predictive performance with a low mean-squared error (MSE)
and revealed an interesting trade-off between feature richness and noise as the number
of qubits is increased. These results demonstrate the effectiveness for even small simu-
lated quantum reservoirs to capture non-linear temporal relations leading to accurate
time-series prediction. While scaling to real hardware introduces challenges such as
decoherence and noise, the findings highlight the potential of QRCs as a useful archi-

tecture for hybrid quantum-—classical machine learning.

1 Background

Modelling complex, dynamic systems over time remains a significant challenge in machine
learning, requiring architectures that can model systems with long-term dependencies. This

is well-suited to a type of neural network called a recurrent neural network (RNN). An RNN



feeds its own state and output back into itself, thus evolving its state over time, much like
humans do. These networks retain abstract memory of the past context and, therefore, are

more effective in time-series predictions, making them an ideal area of research [1].

A Reservoir Computer (RC) is a type of RNN that consists of an interconnected set of
nodes that communicate with fixed weights and biases. This fixed network is known as the
reservoir. A common implementation of an RC uses an echo-state-network (ESN) as the
reservoir. An ESN consists of a set of nodes that represent a state x(t) at time ¢. The state

then evolves in time with the equation
z(t +1) = Wiesm(t) + Winu(t) + Wepy(t) (1)

As you can see in Equation 1, the state for a given time-step is a function of both the state
and output from the previous time-step. An example of this can be seen within the large
circle in Figure 1. Unlike a traditional neural network, the weights connecting the nodes in
a reservoir are assigned randomly and remain fixed. During training, only a linear readout
layer extracts features from the reservoir and is trained using a simple linear fit algorithm.
This allows for a powerful set of complex interactions within the reservoir without increasing
the complexity of training [2]. One of the biggest advantages of having fixed weights is that
the reservoir can be swapped out for any complex dynamical system, even a physical one,
since the linear readout layer can be trained to tap into the innate computational power of

the physical system.
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Figure 1: Diagram of a reservoir computer. u[t] is an input vector from a single time-step in
a time series, z[t] is the state of the reservoir, and y[t] is the output vector which predicts
the value of the time series at a future time-step.



Quantum Reservoir Computing (QRC). A many-body quantum system consists of
multiple quantum objects such as electrons, ions, or photons that interact in some way. If
these objects have strong interactions with each other, the system is notoriously complex
and difficult to simulate with a classical computer. This is because the description of the
wave-function generally requires knowledge of a set of complex coefficients, of which the
number grows exponentially with the number of quantum objects involved [3]. However,
advantageously, when a real quantum system is used, the computation required no longer
grows exponentially with the number of quantum objects, yet these complex coefficients can
be measured and may encode rich relational information about the system. For this reason,
many researchers have been attempting to use quantum systems as the reservoir in RCs. A
quantum reservoir allows you to tap into these complex coefficients by tracking not only the
occurrence of individual qubit readouts but also the co-occurrence of qubit readouts. For

these reasons, the potential benefits of quantum reservoir computers could be significant.

One of the most promising systems to act as a reservoir is a quantum annealer (QA). A QA
is a specialised type of quantum computer that is designed for solving optimisation problems
and may be ideal for use in QRCs [4]. QAs allow a set of qubits to interact in way that is
described by the Ising Hamiltonian.

i<j i

The Ising Hamiltonian consists of a coupling term and a local field term, making it analogous
to a classical reservoir network that consists of connections between nodes and an input that
is applied to each node. Unlike gate based quantum computers, QQAs have been functional for
decades and can complete computations with over 5,000 qubits. This means that QRCs have
the potential to be of practical use and going beyond the theoretical. QRCs have potential
use in predicting weather, stock markets, biological systems, and other complex time series’
[5]. One time series that QRCs have had some success with predicting is the Mackey-Glass
(MG) equation. The MG equation is a delay differential equation of the form

dr x(t—7)

I Bm — v (t) (3)

It is known to be chaotic and difficult to predict as it is very sensitive to its initial conditions.

An example of a MG time series can be seen in Figure 2.
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Figure 2: Example of a Mackey-Glass Chaotic time series.

Although using quantum systems come with their benefits, QRCs don’t come without ob-
stacles. Current research runs into two main problems when compared to classical systems.
Firstly, taking any measurement of the system collapses its state, leading to the loss of its rich
temporal memory created over prior inputs to the system [6]. Researchers have proposed
solutions. For example, Kobayashi et al. [6] have demonstrated a feedback-driven archi-
tecture, where measurement from the collapsed state is encoded back into the next state of
the reservoir. While Settino et al. [7] attempt to construct a classical reservoir state and
use cyclic permutations on the classical reservoir state to encode time. A diagram of their

approach can be seen in Figure 3. Their classical memory equation shows a permutation
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Figure 3: Example of the architecture used by Settino et al. [7] to implement a classical
memory state for a quantum reservoir computer.



operator, S”S, that is defined as

Sii = O(i+ns) mod iy, j (4)

An example of the transformation is as shown,
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Both of these solutions enabled accurate predictions of chaotic time series. However the
current technique for encoding time through cyclic permutations treats all the observables
with no discrimination. This is an area that has potential for improvement by experimenta-
tion with more complex techniques that separate the observables during permutations. The
second obstacle is how to encode and decode the input and output data to take advantage
of Hilbert space. The use of a quantum system does not simply translate to a higher feature
space unless the input is encoded optimally. Schiitte et al. [8] state that new input injection
paradigms are needed to take advantage of a bigger slice of Hilbert space. The bottlenecks I

have stated highlight the need for more research, but also provide direction for future studies

[9].

2 Aims

In this project, our aim was to research and understand the feasibility of using a quantum
reservoir computer for time series prediction by implementing a simulation of a small quan-
tum reservoir computer using Python and QuTiP. We were successful in implementing a
flexible framework for generating an arbitrarily sized quantum reservoir and tested multiple

techniques for encoding data into the network to make time series predictions.

Objectives

1. Simulate a single-qubit two-level quantum system and perform an annealing schedule
using QuTiP.

2. Extend the simulation to a 2-qubit two-level quantum system to explore quantum

many-body dynamics.



3. Implement a 6-qubit quantum reservoir computer using an annealing schedule with

QuTiP to perform a one-step-ahead time series prediction.

3 Methodology

In this project, we simulated many-body quantum systems to implement a time-series pre-
diction approach based on quantum reservoir computing and evaluated its performance. A
quantum system is described by its wave function W(t), and its evolution over time is com-

pletely described by the time-dependent Schrodinger equation.

. d
ih— [W(1) = H(t) [¥(1)) (6)

H (t) is the Hamiltonian; which describes the total energy of the system. This is all we need to
model the future dynamics of the system. The Hamiltonian we used in this project followed
the form of the transverse-field Ising Hamiltonian with an additional input-dependent term

that represents a local magnetic field in the z-direction at each qubit site,

1<j %

where:
e 7;/X; — Pauli matrix in the z/x-direction for the i-th qubit.
e J;; — Coupling between qubits ¢ and j.
e h — Constant transverse-field applied in the x-direction to all qubits.
e u; — Value of the input time-series at step k.
e (C; — Weight of input time-series for qubit .

The Hamiltonian shown in Equation (7) consists of three terms. The first term defines the
energy cost of qubits ¢ and j being aligned in the z-direction. The second term defines a
transverse magnetic field along the x-direction. This introduces quantum fluctuations that
drive the system to diverge from classical mechanics, allowing for tunnelling and superposition

of states. The final term allows the input time-series to be encoded into the Hamiltonian.

Using the Hamiltonian defined in Equation (7), we solve for the expectation values of a set



of observables, my, using the Schrodinger equation, Equation (6). The set of observables

consists of
My, = {<Uf>}j\f1 U {<Uiz‘7;>}i<j (8)

Note that the Hamiltonian is time-independent and depends on only a single value uy, for each
readout, my. Each time we take a readout, we collapse the state of the system, losing any
memory the reservoir had. We instead create a classical state using the observable readouts

from the quantum reservoir, using their expected values to act as a memory.
T = ’}/R,]:’]gfl -+ T?Lk (9)
where R is a transformation matrix rotates the positions of the features,

Rij = 5(1‘—4—1) mod N, j (10)

We also tested a more complex transformation technique where we performed a split cyclic

permutation like so,

04, (i4+1) mod Ny 0<i <N,
RUPIY . 1
Y 6;’, Ny+((i=N+1) mod (N=N,)) Ny < i <N, (11)

0, otherwise,

N is the number of observables and N, is the number is qubits. This is the equivalent of a
cyclic permutation on the positions of the z-spin readouts and the co-occurrence readouts as

separate vectors and then combining them back together. For example,

<1 Z2
z9 Z3
R z3 = 21 (1 2)
Cq Cs
Cs Cq

For 3 qubits and 2 co-occurrence observables (N, = 3, N =5 ). This is done to keep the two
observables, which are extracting fundamentally different features from the state, separate.
This is an attempt to reduce unwanted chaos in the classical memory state. These values
are then used to calculate a linear weighting vector w that can be applied to dy to make a

prediction g for some future step in the time-series,



=Y ' (13)

For this project, we used the programming language Python and the QuTiP package. QuTiP
is used to simulate quantum systems. It provides tools for defining Hamiltonians and solving
the subsequent Schrodinger equation for expectation values of measurement operators we
specify. The Hamiltonian shown in Equation (7) is defined using the sigmax() and sigmaz()

functions shown in Listing 1.

The reservoir is initiated in the ground-state of the transverse term of the Hamiltonian,
> Ciz, (14)
i

The state is then evolved using the sesolve() function over a time period (AT) of 1.0, and
the expectation values of the observables from Equation 8. This is repeated for every value

of k . Recording the classical memory state, ry, at each step to be used later for the linear

fit.

The code was developed in Visual Studio (VS) Code in a Jupyter Notebook (.ipynb) file.

Version control was handled using a GitHub repository to keep track of changes.

J_couplings = [(i, random.randint(i+1, N), random.rand()*4-2) for i in range(N-1)]
Hj = [Jij * couple_operator(sz, i, sz, j, N) for (i, j, Jij) in J_couplings]
Hj = sum(Hj)

Hd

sum(site_operator(sx, i, N) for i in range(N))

w_input = random.rand(N)*4-2
Hin = sum(w_input[i] * site_operator(sz, i, N) for i in range(N))

H = Hj + Hd + input_function * Hin

Listing 1: Python code for defining the transverse field Ising Hamiltonian for a quantum
reservoir.



4 Results

Our first task was to test if our model’s architecture has a significant predictive capability
beyond random chance, and if so, how much predictive capability. An ideal function to test
this capability is the Mackey-Glass delay differential equation defined in Equation 3. We
set the parameters as so, § = 0.2, v = 0.1, time delay 7 = 17, time-step 6t = 3.0 , and
the non-linearity parameter n = 10. A time series of 2000 steps was produced and was
split into training and evaluation steps. The features were generated for both sections of the
time series (this can be done before training, since the reservoir weights are not altered in
training). The linear fit is then trained on steps between 1-1880 and the evaluation was done
on steps 1890-1990. These ranges leave room for the predictions to trained on and evaluated
against the true values 10 steps ahead. Figure 4 shows clear predictive capabilities with a
small MSE of 0.0039. This reservoir consisted of 10 qubits with the split cyclic permutation

transformation from Equation 10.
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Figure 4: An time series prediction of a Mackey-Glass function for 10 steps ahead for a
10-qubit reservoir. Orange showing the prediction and blue showing the true value of the
function.

Next we would like to determine the if the split permutation transformation has any advan-
tages over the existing technique used by Settino et al. [7]. For this section of the project,
we trained and evaluated our architecture with the split permutation technique and with
the no-split permutation technique, measuring the mean square error as a function of the
number of qubit used. Each point in Figure 5 is an average of 20 instances of the specified
reservoir parameters trained on the same time series as shown in Figure 4. The uncertainty
is shown with error bars. The plot clearly shows reduced MSE when using the split permuta-
tion method for a lower number of qubits with the no-split permutation method performing

just as well if not better than the split permutation method.
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Figure 5: A comparison of MSE for two time encoding techniques for the classical memory
state. The first (blue) using a split cyclic permutation method, and the second (orange)
using a cyclic permutation over all the features together.

To further test the predictive capabilities of the architecture we have created, we would like
to evaluate the model’s predictive capabilities for varying steps ahead of the input. For the
previous evaluations, we have trained the linear fit to predict 10 steps ahead of the input
for each step. For the following section, we will evaluate the MSE for varying steps ahead
and compare the results for differing numbers of qubits. A plot of the results is shown in

Figure 6.

The results are initially what is expected with low error at the low steps ahead and an increase
in error as the steps ahead increases, especially for a low number qubits. However, we see
a decrease in error once the steps ahead move closer to the the value of 7 that was used in

generating the Mackey-Glass input function.

Next, to demonstrate the advantages of the extra features provided by quantum systems
with an exponentially increasing amount of observables with the number of qubits used, we
generated two prediction with an 8 qubit quantum reservoir, one using the co-occurrence
observables and the other not. The predictions are shown in Figure 7. The results clearly
show an advantage in predictive capability for the increased feature space provided with the

co-occurrence operators.

11
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Figure 6: A heatmap showing the MSE of predictions of a Mackey-Glass time series as a
function of number of qubits and number of steps ahead being predicted.
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Figure 7: A plot of two predictions using a quantum reservoir computer, the first (orange)
using both qubit spin expectation values and co-occurrence expectation values as features,
the second (green) only using the qubit spin expectation values as features. Done for a 10-
step-ahead prediction with 8 qubits.
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5 Discussion

The results support our aim to understand and test the feasibility of creating a quantum
reservoir computer using Python and QuTiP. The predictive capabilities go beyond our initial
expectation with the low error in prediction of a Mackey-Glass time series. The Mackey-Glass
time series is historically hard to predict, therefore Figure 4 demonstrates the potential of
QRCs to act as time series predictors. It is important to recognise that while we simulated a
small number of qubits, a real quantum annealer is able to support many more qubits with

ease running thousands of times faster than even our small simulation.

The improved results with the split-permutation method at small [V, is likely due to the
lack of dimensionality with less qubits and therefore the overlap of the single-site and co-
occurrence observables in memory adds noise to the memory state that overwrite the simpler
features. However, when the number of qubits is increased the memory is large enough to
support this increased noise and therefore support an increase in the richness of the feature-
space. This finding suggests a trade-off between feature richness and noise in the classical
reservoir memory state. This further supports the idea that with a greater number of qubits

available in a real quantum annealer, the potential for increased expressivity is feasible.

The results in Figure 6 are expected in hindsight, given that the Mackey-Glass function is a
function of itself 7 steps prior, it then make sense that the QRC would have improved pre-
dictive capabilities for predicting 7 steps ahead due to the inputs influence over the function
at that exact amount of steps ahead. These findings demonstrate that QRCs are able to pre-
dict certain time series” with better accuracy for more steps ahead if the time series follows
a natural periodicity. For example, the weather would likely be able to be predicted best
seconds or minutes ahead of the input, but it would also follow a natural 24 hour periodicity
that would allow for prediction of 24 hours ahead to have a natural advantage due to its
similarity with the current input values. This also highlights a limitation the duration and
proper encoding of the classical memory. With an ideal memory, the linear fit would be able
to tap into the information provided by previous inputs that best align with the number of
steps ahead trying to be predicted. This outlines the potential for improved memory that
is able to fade more slowly without interfering adding too much noise to the memory state.
One potential solution would be to map the measured observables to a higher dimensional
classical memory that has more space to encode temporal information. Another potential
improvement would be to have the memory decay newer information quicker than older in-
formation instead of the linear decay in the current implementation. This would allow the

current input to stand out from noisy memory while still retaining a longer context.

13



Although a real quantum annealer would allow for increased qubits and likely an increased
expressiveness, there would also be added noise and decoherence in a real world setup that
did not exist in our simulation. This is why it is extremely important to test QRCs with real
quantum systems, to test both the effects of decoherence and scalability of these systems.
With that said, there are still many aspects of QRCs that can be tested with simulations.
In our project, we used very basic encoding techniques, but effective encoding of the input
time series into the Hamiltonain is what allows for the quantum advantage over classical
systems [8]. This is because to propagate the input through the Hilbert-space of the system
the input must meaningfully alter the quantum state, not just shift it trivially. The way this
information is injected determines how deeply the system explores its Hilbert space, which in
turn affects how complex the resulting state becomes and therefore determines the richness
of the observables measured. On the Bloch sphere, this can be visualised as how much space
the state covers. A well-designed encoding scheme causes the qubit states to trace rich, non-
linear paths across the sphere, covering a larger portion of the state space and generating

more diverse correlations between qubits [10].

6 Scientific Mastery

In this project I have been required to develop the Python code to implement a quantum
reservoir with my own framework for generating the transverse field Ising Hamiltonian for an
arbitrary number of qubits and any choice of couplings, as shown in Figure 1. On top of this I
have developed the code to generate all the required objects involved in a quantum reservoir,
such as the weightings for the input function, the individual terms of the Hamiltonian, and
the measurement operators. All of which can be generated for any sized system. The code

can be seen in Listing 2

14



def build_reservoir(N=6,

seed=13):

random. seed (seed)
input_sites = tuple(range(N))

J_couplings
h_local = [random.rand()*4-2 for

Hp
Hd

[(i, random.randint(i+1, N), random.rand()*4-2) for i in range(N-1)]
_ in range(N)]
generate_ising_ Hamiltonian(N, h_local, J_couplings)
sum(site_operator(sx, i, N) for i in range(N))

w_input = random.rand(N)*4-2

Hin

= sum(w_input[i] * site_operator(sz, i, N) for i in range(N))

measure_ops = []
for i in range(N):

op = site_operator(sz, i, N)
measure_ops . append (op)
for j in range(N-i-1):
op = couple_operator(sz, i, sz, (i+j+1), N)
measure_ops . append (op)

return {...}

Listing 2: Python code for building the quantum reservoir for a reservoir computer, including
the different Hamiltonian terms, measurement operators, and input weights.

15



Beyond this I had to work through many stages of the reservoir having little to no predictive
capability, requiring me to read through many research papers on the topic and not only
implementing a classical memory that has been done before, but improving on it with my
split-operator permutation method shown in Equation 10. The code again for this was

developed with no reference and can be seen in Listing 3.

16



def generate_features(input_function, Nq, T=1.0, seed=13, split_permutations=True):
res = build_reservoir(Nq, seed=seed)
Hp, Hd, Hin, measure_ops = res['Hp'], res['Hd'], res['Hin'], res['measure_ops']
N = len(measure_ops)
psi = Hd.groundstate() [1]
rk = np.zeros(N)
rk_list = []
gamma = 0.8
for i, input_value in enumerate(input_function):
H=-(0.5 % Hp + 0.01 * Hd + 1.0 * Hin * input_value)
mk = drive_Hamiltonian(H, psi, measure_ops, T=T)
if split_permutations:
rk_gb = rk[:Nq]
rk_j = rk[Nq:]
rk_gb = np.roll(rk_gb, 1)
rk_j = np.roll(rk_j, 1)
rk = np.concatenate((rk_gb, rk_j))
else:
rk = np.roll(rk, 1)
rk = mk + gamma * rk
rk_list.append(rk)
return rk_list

Listing 3: Python code for driving the reservoir with the input function and implementing
split-operator permutations to evolve a classical memory.

17



7 Conclusion

In this project we successfully demonstrated the feasibility of simulating a quantum reservoir
computer, demonstrating that even a small quantum system can produce accurate time-series
predictions. The quantum reservoir framework with a classical memory state we developed
in Python and QuTiP captured temporal features from the Mackey—Glass equation with
impressive predictive capabilities, supporting the idea that quantum systems can serve as
effective reservoirs with the extra features in. The split-permutation transformation method
had performance benefits for systems with a smaller number of qubits, as separating the
single-site and co-occurrence observables helped to reduce noise in the classical memory
state. This revealed insight into the important balance between feature diversity and noise,
suggesting that there is an optimal level of complexity based on the size of the reservoir.
As the number of qubits increases, this balance will likely shift, leading to new behaviour
that needs to be tested on real quantum hardware. A big focus of this project was how we
encoded the classical memory and evolved it over time, however, further gains in performance
and scaling is likely to be found in how information is encoded into the Hamiltonian. A
long non-linear trajectory of the qubits through the Hilbert space can likely corresponds to
greater expressivity and stronger predictive capability. This exploration of the Hilbert space
is what allows for potential advantage of QRCs over classical systems. Therefore, future work
should explore more advanced encoding methods and the use of real quantum annealers to
experiment with a larger number of qubits. Overall, this project demonstrates that quantum
reservoir computing is not only theoretically sound but also practically achievable even with
simulation of small networks, supporting the idea of a path toward real-world quantum

predictive systems.
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